Ultracold electron sources based on near-threshold photoionization of laser-cooled atomic gases can produce ultrashort electron pulses with a brightness potentially exceeding conventional pulsed electron sources. They are presently being developed for single shot ultrafast electron diffraction, where a bunch charge of 100 fC is sufficient. For application as an injector for x-ray free electron lasers (FEL) a larger bunch charge is generally required. Here we present preliminary calculations of an ultracold electron source operating at bunch charges up to 1 pC. We discuss the relevant bunch degradation processes that occur when the charge is increased. Using general particle tracer tracking simulations we show that bunches can be produced of sufficient quality for driving a 1 Å self amplified spontaneous emission free electron laser (SASE-FEL) at 1.3 GeV electron energy. In addition we speculate on the possibility of using the ultracold source for driving a 15 MeV SASE-FEL in Compton backscatter configuration into the quantum FEL regime.
Introduction
Ultra-short high-brightness electron bunches in the 30 keV-4 MeV energy range can be used for ultrafast electron diffraction (UED) experiments to study structural dynamics at atomic length and time scales [1] . Alternatively, they can be further accelerated to produce intense pulses of short-wavelength radiation by Compton backscattering [2] , or they can be accelerated to GeV energies and fed into a self amplified spontaneous emission free electron laser (SASE-FEL) to produce ultra-short coherent x-ray pulses [3] [4] [5] .
Each application puts its own particular demands on bunch quality, which can be expressed in terms of bunch charge, bunch length, energy spread and the transverse normalized root-mean-squared (rms) emittance ϵ ⊥ . The transverse normalized rms emittance is a Lorentz-invariant quantity, i.e. independent of beam energy U, which is given by where m and p are the electron mass and momentum, respectively, x is one of the transverse coordinates, k is Boltzmannʼs constant, c is the speed of light, and <> indicates averaging over the bunch distribution. In a beam waist < > x p x vanishes so that
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with σ x the rms beam size and ≡ < > T p mk ( )
the effective electron temperature associated with the transverse momentum distribution. For all applications the transverse emittance should preferably be as small as possible. This can be achieved by either minimizing the initial source size or the electron temperature of the source. For high bunch charges the minimal source size is limited by the available extraction fields, which only leaves reduction of the electron temperature of the source.
The bunch length and energy spread are related through the longitudinal normalized rms emittance ϵ ∥ , a Lorentz- 
z p t U ,waist z with σ t the rms bunch duration and σ U the rms longitudinal energy spread. Like the transverse emittance, the longitudinal emittance can be expressed in units of length, but often the prefactor mc 1 in equation (4) is left out, in which case the longitudinal emittance is expressed in a product of time and energy. For applications such as UED and SASE-FEL a bunch duration in the order of 100 fs is required, which can only be achieved for high bunch charges if some form of bunch compression is applied (e.g., [6] ). Due to conservation of longitudinal emittance (equation (4)) this goes at the expense of energy spread. If a small energy spread is required, then it becomes important to minimize the longitudinal emittance of the source as well.
The usual method for the production of ultrashort highbrightness electron bunches is photoemission by an ultrashort laser pulse from a flat cathode, which is characterized by an effective electron temperature of, typically,
State-of-the-art photoguns are able to produce bunches with a charge of N e = 100 pC and a transverse normalized rms emittance ϵ = ⊥ 0.5 mm mrad from a spot with rms size σ = 1 mm x . These devices have been fully optimized in the sense that their normalized brightness, expressed in terms of the transverse phase space density ϵ ⊥ N 2 , cannot be improved any further. This implies that the minimal transverse normalized emittance that can be achieved scales with the square root of bunch charge: ϵ ∝ ⊥ N . An interesting new development is the ultracold electron source, which is based on near-threshold photoionization of laser-cooled atomic gases [7] [8] [9] [10] [11] [12] [13] [14] [15] . The ultracold source is characterized by effective temperatures as low as ∼ T 10 K. This implies that for the same source size, and thus the same bunch charge, bunches can be produced with an emittance 1-2 orders of magnitude lower than by photoemission. In [11, 15] it was shown that even for femtosecond photoionization transverse source temperatures ∼10 K can be achieved. This surprising result seems to be in contradiction with the large bandwidth of the femtosecond photoionization laser pulses, which would suggest source temperatures at least an order of magnitude higher. A careful analysis of the photoionization process [11] has revealed that the excess kinetic energy imparted by the photon to the electron is generally not evenly distributed among the degrees of freedom. By a properly chosen combination of extraction electric field and ionization wavelength, the ensuing electron beam is squeezed in such a way that the transverse momentum spread is reduced at the expense of longitudinal energy spread.
Recently, the first electron diffraction patterns were obtained with picosecond bunches generated with the ultracold source [16] . In these experiments the amount of charge per bunch was limited to ⩽ N 10 3 to prevent beam degradation due to space charge effects. For single-shot UED experiments, however, ⩾ N 10 6 electrons per bunch are required to create a high quality diffraction pattern. In [17] , we showed by charged particle tracking simulations that even without taking special measures to manage space charge effects, as have been developed for photocathode guns [18] , the ultracold electron source is a promising candidate for single-shot UED experiments. In this paper we investigate the performance of the ultracold electron source in parameter regimes suitable to drive a compact SASE-FEL producing ultrashort coherent radiation pulses at hard x-ray wavelengths.
In a single pass free electron laser (FEL) it is essential that the emitted radiation overlaps the electron beam over a substantial distance. The electron and photon beams are properly matched if the betatron function of the electron beam is equal to or larger than the Rayleigh range of a diffraction limited photon beam. This condition can be expressed in terms of emittance and wavelength in the following way
where λ is the wavelength of the produced radiation, β ≡ v c, and
2 the Lorentz factor, with v and c the velocity of the electrons and the speed of light, respectively. Equation (5) shows that, in principle, a reduction of the transverse emittance would allow operation of a single pass SASE-FEL at lower beam energies, thus enabling a more compact device. Using the ultracold electron source as an injector would imply that the tens of GeV currently required for the Linac Coherent Light Source (LCLS) could be reduced by at least an order of magnitude. However, unlike the UED case, in a SASE-FEL a high peak current, and therefore a high bunch charge, is essential to enable sufficient gain for single pass FEL operation. In this paper we show that an ultracold electron source can be constructed that produces 1 pC bunches with 13 nm transverse slice emittance and 1 keV ps longitudinal emittance. The longitudinal emittance is sufficiently low to allow compression to 10 fs bunch length, corresponding to 100 A peak current. The combination of transverse emittance and peak current is sufficient to drive a small-scale SASE-FEL at 1.3 GeV, producing x-rays at a wavelength of 1 Å.
In all SASE-FEL s in operation today many photons are emitted per electron, so that quantum mechanical effects are negligible. It has been predicted that FEL may be operated in a quantum regime, in which far less than one photon is emitted per electron [19, 20] . This regime is entered when the longitudinal momentum spread of the electron beam is less than the momentum of the emitted photons. In that case the spectrum of the emitted radiation is not noisy, as in a classical SASE-FEL, but consists of a discrete number of individual spikes. In fact, in the extreme quantum case only a single transform-limited spike remains. Although predicted for years, the quantum regime has never been reached experimentally. One of the main obstacles is the lack of a suitable electron source. Because the ultracold source not only provides the required low transverse emittance, but is, in principle, also capable of producing a very low longitudinal emittance, it is an interesting candidate.
The remainder of this paper is organized as follows: first a possible setup for an ultracold electron injector is presented which produces ∼100 keV electron bunches with very low longitudinal emittance. Then the physical processes are briefly discussed that are involved in the beam degradation of an ultracold high-brightness bunch. Subsequently, simulation results are presented showing the characteristics of the source under realistic conditions. Finally, the suitability of an ultracold source as injector for a SASE-FEL is discussed.
Set-up
The ultracold plasma (UCP) is a recent development in coldatom physics [21] . UCPs can be created in compact setups by near-threshold ionization of a cloud of laser-cooled and trapped atoms, providing a unique medium with electron temperatures in the 10 K range [22] , orders of magnitude lower than the 5000 K (0.5 eV) that is typical for photoemission and field-emission sources.
The creation of a UCP is a two step process: first, an ultra-cold atom cloud is produced in a magneto-optical atom trap (MOT) by the radiation pressure of three orthogonal pairs of laser beams in combination with a quadrupole magnetic field produced by two coils in anti-Helmholtz configuration [23] . Subsequently, the trapped gas is ionized just above threshold using a two-photon ionization scheme. For rubidium this could be the combination of a 780 nm photon, exciting atoms to the 5P 3 2 state, and a 480 nm photon, which ionizes the atoms in the 5P 3 2 state. The advantage of this scheme, compared to single-photon ionization, is that the initial ionization volume can be tailored by adjusting the overlap of the excitation laser beam and the ionization laser beam. Such beam shaping is essential to manage space charge effects [14] .
Typical MOTs contain between 10 8 and 10 10 atoms, equivalent to tens to thousands of pC of charge when fully ionized. Using a Zeeman slower [23] , the rate at which atoms are replenished can be a few 10 10 atoms − s 1 [24] , so that extraction of 1 pC electron bunches at repetition rates greater than 1 kHz is possible in principle. Atomic densities are typically a few 10 16 m −3 but 10 18 m −3 can be reached with the dark-spot technique [25] .
The setup which we investigate in this paper is specifically designed to produce short electron bunches at 100 keV with both low transverse emittance and low longitudinal emittance. The source consists of two stages: a dc initial acceleration section for extracting the electron bunch from the UCP and an rf acceleration cavity for boosting the bunch energy to ∼100 keV. The dc field in the initial acceleration section is generated by a pair of parallel electrodes. A 3 GHz pillbox cavity in TM 010 mode, adjacent to the dc accelerator, provides the rf accelerating field. In figure 1 
at the position of the atom cloud, where ω π = f 2 with = f 3 GHz the resonant frequency. By ionizing the gas around the zero crossing at t = 0, a bunch is created in very low fields, thus minimizing the initial Figure 1 . Schematic (top) and artistic (bottom) view of the geometry. The MOT traps the particles on-axis at = − z 10 mm. This is inside a dc-field, and inside the tail field of the downstream rf-cavity. The trapped atoms are ionized at the moment that sum of these fields is zero, and subsequently accelerated in the downstream rf-cavity to 120 keV. L: ionization and trapping lasers; C: magnetic field coils; dc: dc acceleration section; rf: rf acceleration section.
longitudinal emittance. The iris of the cavity at z = 0 has a relatively large radius of 10 mm in order to create the required tail, while the downstream iris at = z 10 mm is kept small for more efficient acceleration.
Beam degradation mechanisms
Several processes may cause bunch quality degradation during the creation and acceleration of an ultracold bunch. The most fundamental mechanism is dilution of the phase space density by statistical Coulomb interactions between individual particles, also known as disorder induced heating. In addition, the phase space density distribution may get distorted during the process of extraction due to the interaction with the mean fields associated with the density distribution of the electrons and ions, the so-called space charge fields, and the interaction with the external acceleration fields. Such distortions of the phase space density distribution cause emittance growth both in the transverse and the longitudinal directions. Below estimates for the effects of these processes are briefly discussed. Based upon these estimates favorable operating parameters of the ultracold source are derived, which form the starting point for more detailed particle tracking simulations discussed in the next section.
Disorder induced heating
The random nature of the creation process causes excess potential energy that is converted to kinetic energy. This is known as disorder-induced heating. In a stationary ultra-cold plasma it will lead to a final temperature T h of the order of the Coulomb interaction energy between neighboring electrons [26] will travel a distance of only μ 100 m, which is comparable to the typical size of the ionization volume. Since the time it takes to separate the electrons from the ions is comparable to the thermalization time, it is reasonable to assume that the initial distribution can be approximated by a thermal distribution with a temperature determined by the initial density, as given by equation (6) .
In principle, the initial electron temperature of the plasma is also dependent on the bandwidth, and thus the duration, of the ionization laser pulse. The shorter the laser pulse duration Δt, the higher the initial temperature Δ ≈h k t ( ), where h is Planckʼs constant and we assumed a Fourier transform limited pulse. The pulse duration Δ ≈ t 1 ps used in the simulations would therefore give rise to an initial temperatures of ∼10 K, approximately matched to the equilibrium temperature T h . Furthermore, the momentum distribution immediately after ionization is not an isotropic Boltzmann distribution, but depends on the magnitude and the direction of the electric field vector and the direction of the polarization of the ionization laser pulse [11] [12] [13] . For the high bunch densities we are considering, however, the disorder-induced heating mechanism will remove any anisotropy and create a distribution that is close to thermal within tens of picoseconds. For detailed charged particle tracking simulations the starting point will therefore be a Boltzmann distribution with a temperature equal to the equilibrium temperature T h of disorderinduced heating.
Longitudinal emittance growth during bunch creation
Due to the presence of an electric field, the first electrons created have moved to a different position in phase space at the moment the last atoms are ionized. The creation process thus fills a larger part of phase space than the phase-space volume of the initial particle coordinates. As a result, an electric field present during the creation process causes longitudinal phase space growth and hence bunch degradation. To estimate this effect, we present a simple model that assumes no correlations between the longitudinal position and longitudinal momentum coordinates.
Particles created at rest at time t i have longitudinal momentum p z at time t governed by the classical equations of motion: ,dc rf scales with Δt 3 , so that the advantage is quickly lost for longer ionization pulse lengths. In addition, timing jitter between the ionization pulse and the rf field must be kept to a fraction of Δt. For example, when Δ = t 1 ps, the longitudinal emittance ϵ ∥ increases by a factor of 2 when the timing is off by 250 fs. However, synchronization to within 100 fs is possible [27] .
Transverse emittance growth during bunch creation
As long as the ion and electron distributions overlap, the ion background creates an electric field precisely opposite to the electric field created by the electrons, thus preventing space charge distortion of the bunch and the associated emittance growth. However, the acceleration field pulls the electron and ion distributions apart. As soon as a part of the electron bunch emerges from the ion cloud, it will expand rapidly, while the rest of the bunch is kept together, only to expand at a later time. This is a complicated dynamical process, governed by Coulomb interactions between two different three dimensional charge distributions of opposite sign. The resulting emittance growth can only be estimated reliably by detailed charged particle tracking simulations. It is however possible to estimate straightforwardly for what bunch charges and acceleration field strengths this effect becomes important. This is analogous to the effects of image and space charge fields during photoionization in photocathode devices, which remain manageable if the external acceleration field is at least an order of magnitude stronger than the maximum image and space charge fields. Based on this analogy we can make an estimate for the maximum bunch charge that is allowed for a given acceleration field strength. If we assume, for simplicity, a uniform spherical charge distribution cut off at = r r m , then the maximum space charge field strength is given by: For a number density = n 10 18 and ≈ − E 1 MV m z 1 this limits the total charge to ∼ Ne 1 pC. Of course, this is a very rough estimate. Detailed numerical simulations using the actual density distributions are essential to reach a proper understanding of the charge limits.
Simulation results
The proposed 1 pC ultracold electron source described in section 2 has been simulated with the general particle tracer (GPT) code [28] . This code tracks the relativistic equations of motion of sample particles through the combination of external fields and space charge fields. For the 1 pC case, space charge effects, including interaction between the ions and the electrons, are taken into account with an anisotropic particle-in-cell solver [29] . Disorder induced heating is accounted for by starting with an initial temperature = T 10 K.
Both the dc and the rf fields have been calculated with the SUPERFISH set of codes [30] [31] . In these simulations no other charged particle optics are used: the bunches are allowed to expand freely after acceleration.
The electrons are initiated sequentially in time, using a Gaussian temporal profile σ , with = T 10 K. The initial ionization volume, which is determined by the overlap between the excitation and ionization laser beams, is assumed to be a cylinder with a length L and radius R, with uniform density = − n 10 m figure 2 are GPT simulation results of a 1 pC bunch and a 100 fC bunch. The bunches are pulled into the rfcavity, and subsequently accelerated to 120 keV. During this process, the bunch expands both longitudinally and transversely. The difference in longitudinal expansion speed between the 1 pC bunch and the 100 fC bunch clearly illustrates the strong space charge effects.
Shown in
The main question is to what extent the quality of the bunch is degraded by the non-ideal external fields, space charge forces, and disorder induced heating. This is shown in figure 3 where the evolution of the longitudinal and transverse emittances is shown, taking into consideration all deteriorating effects mentioned above. The starting points of the evolution curves are determined by = T 10 K, as discussed in section 3. Both the transverse and longitudinal emittance increase sharply due to the extraction from the ion cloud. Interestingly, the emittance increases even more if we artificially remove the ion cloud from the GPT simulations. This is because the ions keep the electrons from moving to an other location in phase space during the ionization process. However, once the electrons and ions are pulled apart nonlinear forces between the two charged particle clouds come into play, which subsequently cause emittance degradation. The ions prevent emittance growth during ionization, when the ion and electron cloud still fully overlap, but are also the cause of emittance growth during the onset of acceleration. The latter process stops when the ion cloud and the electron cloud have become separated by a few bunch lengths.
The exit kick of the rf cavity at = z 10 mm has both transverse and longitudinal effects. In transverse phase-space it causes a slight realignment of the individual slices in transverse phase space, also known as emittance compensation [18] , causing a small reduction in the projected transverse emitance. In longitudinal phase space it causes emittance growth. The external fields have not been optimized to reduce this effect.
The obtained transverse slice emittance is 13 nm for the 1 pC case and 1 nm for the 100 fC case. State-of-the-art rf photoguns produce bunches with 100 pC of charge with ϵ μ = ⊥ 0.5 m. Using the fact that for a given maximum brightness ϵ ∝ ⊥ N , this implies that optimized rf photoguns are capable of producing 1 pC bunches with a transverse emittance of 50 nm and 100 fC bunches with a transverse emittance of 15 nm. Consequently, the simulation results of the ultracold source are four times better in terms of transverse emittance compared to an rf photogun for 1 pC and over an order of magnitude better for the 100 fC case. Even better numbers seem possible, because it is likely that part of the emittance growth can be avoided by optimizing the initial density distribution [14] and by using specially designed external fields to undo space charge effects [18] .
The obtained longitudinal emittance is of the order of 1 keV · ps for 1 pC bunches and 0.1 keV · ps for 100 fC bunches. These are respectable numbers, but the full potential of the dc-rf acceleration geometry has not been reached yet (see section 3.2). Clearly a lot is still to be gained by optimizing the initial volume and further design of the external fields.
Ultracold electron source as injector for a SASE-FEL
In a SASE-FEL, radiation is emitted with a resonance wavelength given by λ λ γ
2 , where λ u is the undulator period, K a measure for the undulator strength and γ the Lorentz factor. The power of the emitted radiation grows proportional to z L exp ( ) g , where the power gain length L g can be approximated by with σ x the transverse beam size and Iˆthe peak current. Of particular importance in SASE-FEL theory is the FEL parameter ρ FEL [32] . It is a measure for the number of undulator periods required per gain length, and consequently it is a measure for the relative bandwidth of the output spectrum. The FEL parameter is defined as Shown in the left-top part of table 1 is a summary of the bunch parameters of a 1 pC ultracold electron source as described above. The left-bottom part is a list of SASE-FEL parameters to produce narrow-band 1 Å radiation, based on a micro-undulator with λ = 1 mm u . To reach the desired wavelength, acceleration to 1.3 GeV is required.
Construction of a 1 m long undulator with a period of 1 mm, four times smaller than the unulator presented in [33] , is an obvious technical challenge that may well be solvable [34] . Also, emittance growth during acceleration must be kept to a minimum, and it is not immediately clear what may be possible here. In table 1, emittance is assumed to remain below 20 nm. We note that the output power
is significantly less than the GW level reached by LCLS, primarily due to the lower charge. Operation at kHz repetition rate may be possible, given source parameters mentioned in section 2.
Quantum regime
Quantum effects in FELs are expected when the longitudinal electron momentum spread σ p z is less than the momentum k of the emitted photon [19, 20] . It has been predicted that 'quantum purification' of the output spectrum should then occur, where in the extreme case only a single spike remains. A quantum FEL can be characterized by the dimensionless FEL parameter ρ given by:
p FEL where quantum behavior occurs when ρ < 1.
To reach this quantum regime, a high recoil momentum is obviously beneficial because it allows a larger energy spread. This however sets conflicting requirements for the acceleration energy. On the one hand, hard x-rays require a large acceleration energy to match the diffraction limited photon beam, see equation (5) . On the other hand, a small acceleration energy is required to get a small ρ, see equation (14) . The solution to this problem is to start with an extremely small transverse emittance, as can be produced by an ultracold electron source. Furthermore, an extremely low longitudinal emittance is required to achieve low energy spread combined with the ability to compress to sufficient current. So far the quantum regime has never been observed experimentally. One of the reasons has been the lack of an electron source thats meets the above requirements. We suggest that the ultracold source is a potential candidate.
The right column in table 1 list experimentally attainable parameters to construct a SASE-FEL in the quantum regime and based on an ultracold electron source. The charge has been set to 100 fC, and the values for the transverse and longitudinal emittance are obtained from detailed GPT calculations presented in [17] . The static undulator is replaced by a high-power Ti : Sapphire laser in order to get the required short wavelength (high recoil momentum) at low energy. Essentially the experiment is Compton backscattering of a low-energy-spread electron beam by a counter propagating high-power 800 nm laser pulse. The remainder of the parameters listed in the table follow from direct application of equations (5), (11), (12), (13) , and (14) .
From ρ = 0.1 we see that an ultracold electron source may indeed have the quality to act as an injector for a SASE-FEL in the quantum regime. We realize that the required high power laser undulator constitutes an interesting challenge as well: the combination of K = 0.5 and λ = 800 nm and the required peak laser power = P 4 TW. Since the electron bunch has to interact with the laser field over the entire Rayleigh range, the laser pulse length should be equal to at least the Rayleigh range, resulting in a laser pulse energy of ≈ E 30 J. These laser beam parameters are well within the range of commercially available technology. To reach full saturation, however, typically 15 gain lengths are required, implying = Z L 15 R g . Since both the required peak laser power P and the laser pulse length are proportional to the Rayleigh range, the required laser pulse energy ∝ E Z R 2 , resulting in ∼6 kJ, ∼100 ps laser pulses. This is somewhat more challenging but still conceivable.
Conclusion
Ultracold electron sources can produce electron bunches with substantially lower emittance than rf photoguns. They are therefore promising sources for compact SASE-FELs, because every decrease in emittance of the source translates into an equal decrease in required energy. GPT tracking results show that a 1 pC ultracold electron source produces sufficient beam quality to drive a 1.3 GeV SASE-FEL at 1 Table 1 . Top: bunch parameters from GPT simulations of the presented ultracold electron source. Simulation results are described in this paper for the 1 pC case and identical to [17] for the 100 fC case. Bottom: settings for a SASE-FEL based on these sources. Å wavelength. By optimizing the initial density distribution and using specially designed external fields, space charge effects may be reduced, which would lead to even better performance. This is the subject of further investigation. In a low-charge, low-energy regime and in a Compton backscattering configuration, we speculate that an ultracold electron source may have sufficient quality to act as an injector for a SASE-FEL in the quantum regime. This intriguing possibility deserves further study as well.
